The fluctuation-dissipation theorem (FDT) of Brownian dynamics (BD) is applied to extract the equilibrium free-energy profile from the nonequilibrium, irreversible work measured in singlemolecule pulling experiments. Two sets of in silico experiments are performed to explore the free-energy landscape of deca-alanine peptide as a function of its end-to-end distance and to determine the free-energy profile of water permeation through the channels of aquaglyceroporin GlpF. With a small number of pulling paths sampled, the BD-FDT is shown to produce accurate estimates of the free-energy profiles for both systems.
JE relates the free energy difference between State A and State B, DG = G B À G A , to the thermodynamic work,
done to the system when it is driven/pulled from State A to State B. Here l(t) is the control parameter of the pulling experiments. When the system is pulled with a spring (spring constant k), the total Hamiltonian takes the following form, 5 H(x,t) = H 0 (x) +
where H 0 (x) is the Hamiltonian of the biomolecule itself without the external control term. z(x) is the ''order parameter'' of the biomolecule as a function of x, the collection of the coordinates of all the atoms of the system. For constant-velocity pulling experiments or steered molecular dynamics (SMD) simulations, 6 l(t) = vt where v is the pulling speed. The order parameter z(x) is simply the center-of-mass coordinate of the pulled atom/ molecule. x A is the set of the coordinates of all the atoms when the system is in State A. The brackets in eqn (1) represent the statistical average over the pulling paths sampled in a given experimental or computational study,
where the index p indicates the p-th of the N F forward paths from State A to State B.
It is interesting to note the symmetry of the JE. Eqn (1) relates the free-energy difference G B À G A to the work W t A-B along the forward paths from A to B. If it is valid, G A À G B must be related to the work W t B-A along the reverse paths from B to A in the same manner. Namely,
in which the statistical average is over N R reverse paths from State B to State A,
The definition of W t B-A is given in eqn (2) with A and B exchanging their places. Combining eqn (1) and eqn (5) and defining the following self-consistency factor,
we observe that the validity of JE requires C FR = 1. This selfconsistency condition can be used to check the accuracy of the JE estimate of the free-energy difference. The magnitude of C FR À 1 gives a measure of the deviations of the JE estimates from the true free energy in a given experimental or computational study. Many researchers believe that the JE is exact in the limit of N F -N. But for a finite N F , the JE produces large deviations from the true free energy when the pulling is irreversible. 4, 7 In this paper, we employ the fluctuation-dissipation theorem (FDT) of Brownian dynamics (BD) for extracting equilibrium free energy from irreversible work. 12 In terms of mechanical work, the BD-FDT relates the equilibrium free energy to the nonequilibrium work as follows:
Here, W A-B is the force-displacement integral along a forward path from State A to State B,
W B-A is a similarly defined force-displacement integral along a reverse path from State B to State A. Note that the mechanical work defined in eqn (9) is not equal to the thermodynamic work defined in eqn (2) other than in the limit of k -N. Moreover, even in the k -N limit, BD-FDT in eqn (8) and JE in eqn (1) do not agree with one another unless the pulling is nearly reversible. In the near-reversible regime, all the relevant paths fall in the close vicinity of one single path connecting States A and B. Then the statistical averages in eqn (1) and (8) become trivial. The free-energy difference is simply approximately equal to the reversible work.
In the rest of this paper, we apply BD-FDT [eqn (8) ] along with JE [eqn (1)] to two biophysical systems to explore their free-energy profiles and to illustrate the efficiency and accuracy of BD-FDT. We have performed in silico experiments of mechanically unfolding deca-alanine peptide helix and pulling water molecules through the pores of aquaglyceroporin, the glycerol uptake facilitator (GlpF). Both JE and BD-FDT are used to extract the free-energy difference from the irreversible work measured. All simulations are implemented with the NAMD molecular dynamics software package. 13 Atomistic interactions are described by the all-atom CHARMM 27 force field.
14 Pulling experiments are done in the limit of k -N, by fixing the center-of-mass coordinate, z(x), of the pulled atom/molecule to the control parameter l(t) at each time step. In this limit, dz = vdt and the pulling force then is equal to the net force on the pulled atom/molecule exerted by the rest of the entire system, namely,
Therefore, the thermodynamic work in eqn (2) is equal to the mechanical work in eqn (9) .
In the first set of in silico experiments, we study the freeenergy landscape of a deca-alanine peptide in vacuum that has been thoroughly investigated in ref. 6 . This system, consisting of 104 atoms, is simple enough for which an exact solution is achievable by unfolding and refolding it at a reversibly slow speed, yet complex enough to serve as a prototype for proteins. We follow ref. 6 , choosing the z-coordinate along the helix axis. We fix the nitrogen atom on one end at the origin and pull the nitrogen atom on the other end with a constant speed v along the z-axis, sampling one unfolding (forward) path from State A (z A = 13.42 Å ) to State B (z B = 33.42 Å ). Then from State B, we pull it back with the same speed, sampling one refolding (reverse) path. In this case, we choose the end-to-end distance as the order parameter. It is simply equal to the z-coordinate of the pulled nitrogen atom. Fig. 1 shows five unfolding paths along with five refolding paths at the pulling speed of 10 Å ns
À1
. Clearly, at this speed, W A-B (z) + W B-A (z) a 0, the pulling is irreversible. Fig. 2 shows the work done to the polypeptide when it is unfolded at a speed of 0.1 Å ns À1 along with the work done to the system when it is refolded at the same speed. The negligible difference between the two work curves suggests that unfolding/refolding at 0.1 Å ns À1 is indeed slow enough. The processes can be regarded give a thorough study of the same system based on JE. Sampling 10 blocks of 10 unfolding paths at pulling speed of 10 Å ns À1 , they find that the deviation of the JE value of the free energy is as large as 1.9 kcal mol À1 from the exact solution. Our simulations confirm their results. Park et al. also employ the second and third order moments of work in place of the exponential average of JE. They conclude that the second order moment gives the best result and that the third order moment causes greater deviations from the exact solution and greater error bars, indicating to us the non-Gaussianness of the system's stochastic dynamics. It is worth noting that, in the study of deca-alanine, the nonequilibrium BD-FDT approach significantly speeds up the computation of the free-energy profile as compared with equilibrium approaches. An equilibrium approach such as thermodynamic integration would require a computing time similar to the near-reversible pulling. In the present work, the near-reversible pulling over a distance of 20 Å at the speed of 0.1 Å ns À1 takes 200 ns of MD simulation from State A to State B. In contrast, the BD-FDT approach (sampling 10 forward and 10 reverse paths at the speed of 20 Å ns
) takes only 20 ns of MD simulation but produces a free-energy curve that nearly completely overlaps with the exact results (Fig. 2b) . This is clear evidence for the efficiency of the BD-FDT approach.
In the second set of in silico experiments, we explore the free-energy landscape of water permeation through aquaglyceroporin GlpF. [15] [16] [17] [18] GlpF possesses a homotetrameric structure. Each monomer forms an independently functional pore (channel). The core of this protein consists of two halfmembrane spanning repeats related by an essentially two-fold symmetry. The N-termini of the a-helical repeats convene approximately at the center of the channel, where the AsnPro-Ala (NPA) motifs are located. The selectivity filter (SF), the narrowest section of the pore, is about 8 Å from the center of the channel, namely, from the central plane of the lipid bilayer. In this work, the z-axis of the Cartesian coordinates is chosen to be normal to the water-membrane interface, pointing from periplasm to cytoplasm. The origin of the coordinates is set so that z = 7.7 Å at the midpoint between the N-termini of Asn 68 and Asn 203.
This work uses the all-atom model of the GlpF-membrane system studied in ref. 19 , consisting of GlpF homotetramer embedded in a fully hydrated palmitoyloleylphosphatidylethanolamine (POPE) bilayer. The GlpF-POPE-bilayer system is explicitly solvated with TIP3 water. Sodium and chlorine ions are added and the whole system is neutralized. The system consists of 106 189 atoms. The pressure and the temperature are maintained at 1 bar and 300 K respectively. The Langevin damping coefficient is chosen to be 5 ps À1 . The particle-mesh
Ewald method is utilized to compute electrostatic interactions. The time step of 1 fs is used for short-range interactions and 4 fs for long-range forces. Covalent bonds of all hydrogen atoms are fixed to their equilibrium length. The periodic boundary conditions are applied.
Starting from the fully equilibrated structure of ref. 19 , we run equilibrium Langevin dynamics for 4 ns after removing the four glycerols from the system. Then we perform constantvelocity SMD simulations to pull four waters through the four channels of GlpF simultaneously, one water molecule through each of them. Two sets of pulling paths are sampled. Each set has four forward paths (from periplasm to cytoplasm) and four reverse paths (from cytoplasm to periplasm). The work along these pulling paths is plotted in Fig. 3 . In this case, the order parameter is chosen as the center-of-mass z-coordinate of one pulled water molecule. The pulling speed v = 50 Å ns
. Clearly, W A-B (z) + W B-A (z) a 0, the pulling is irreversible. Fig. 4 shows the results of the free-energy estimates using the JE in eqn (1) and the BD-FDT in eqn (8) . The application of the BD-FDT produces the free-energy profile (red curve) in agreement with the equilibrium simulation results (crosses connected by green lines). 16 However, the JE results (magenta and blue curves) are far off. In keeping with Park et al., 6 we also computed the free-energy profile using the second moment approximation of the JE. Even though the second moment results are closer to the correct free-energy profile than the full exponential form of JE, the deviation is still as large as 6 kcal mol
. It is interesting to note that water permeation through the channels of GlpF is collective diffusion. Multiple water molecules form single files inside each pore and permeate through a channel in a concerted manner. In our in silico experiments, only one water per channel is pulled. Yet our nonequilibrium SMD study is actually in full agreement with the equilibrium simulations of the highly correlated diffusion of multiple water molecules. 16 It indicates that the path averages in the numerator and the denominator of BD-FDT [eqn (8) ] cancel out the irreversible, nonequilibrium factors (the dissipative work terms in particular) in a very efficient manner even for a small number of pulling paths sampled. Note that the computing time required in this numerical study of the free-energy profile is mainly to sample the eight forward and eight reverse paths at the speed of 50 Å ns À1 over a distance of 20 Å each way. That is about 12 ns of MD 
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19
In summary, we have applied BD-FDT [eqn (8) ] along with JE [eqn (1) ] to explore the free-energy landscapes of deca-alanine peptide in vacuum and water transport through aquaglyceroporin GlpF. Based on the accuracy and efficiency of the BD-FDT, it is reasonable to expect its applicability to various in silico and in vitro experiments of mechanically pulling biomolecules.
